We propose a complete theoretical description of the tennis racket effect, which occurs in the free rotation of a three-dimensional rigid body. This effect is characterized by a flip (π-rotation) of the head of the racket when a full (2π) rotation around the unstable inertia axis is considered. We describe the asymptotics of the phenomenon and conclude about the robustness of this effect with respect to the values of the moments of inertia and the initial conditions of the dynamics. This shows the generality of this geometric property which can be found in a variety of rigid bodies. A simple analytical formula is derived to estimate the twisting effect in the general case. Different examples are discussed.
Introduction
Understanding the dynamics of classical Hamiltonian systems remains a crucial goal with a variety of applications which go well beyond its mathematical description [1, 2] . In the case of integrable systems with few degrees of freedom [3, 4] , an efficient approach is based on a geometric analysis to characterize the dynamical properties of the mechanical system [5, 6] . Such geometric phenomena are typically at the origin of the robustness of particular effects which can be observed experimentally. Some examples, which are by now mathematically well understood, are given by the Hannay angle [7] , the Hamiltonian monodromy [8] , or the Montgomery phase [9, 10, 11] . Another property is the Tennis Racket Effect (TRE), which occurs in the free rotational dynamics of a three-dimensional rigid body. Its name comes from the fact that it can be easily observed in a standard tennis racket. In spite of the apparently well-known character of TRE, this property is not discussed in standard text-books of classical mechanics [1, 3, 4] . To the best of our knowledge, the only mathematical study of this geometric effect has been made in [12] and reproduced in [5] . However, this work only focuses on a specific case where the moments of inertia satisfy a constraint of the form I 1 + I 2 ≃ I 3 . The asymptotics and the robustness of the flip with respect to the values of the moments of inertia of the rigid body are not investigated. Note that the Montgomery phase also occurs in the free rotation of a rigid body when the angular momentum undergoes a cyclic trajectory. The goal of this paper is therefore to extend the preliminary analysis made in [5, 12] in different directions. We choose a suitable set of Euler angles which allows us to give a complete and unified analytical and geometrical description of TRE. A simple asymptotic formula is derived to evaluate the value of the flip for any three-dimensional rigid body.
The outline of the paper is as follows. In Sec. 2, we introduce the model system and the different frames used to describe the rotational dynamics of the rigid body. A suitable set of Euler angles is proposed to globally parameterize the TRE. Sections 3 and 4 are dedicated to the derivation of the Euler equations and to the geometric description of the corresponding solutions. In Sec. 5, we begin the study of the TRE by integrating the Euler equations. An asymptotic analytical formula is derived to estimate this effect for any rigid body in Sec. 6 . This asymptotic analysis allows one to describe the robustness of the flip with respect to the shape of the body and to the initial conditions of the dynamics. Numerical computations are proposed in Sec. 7 to show the wide range of applicability of this effect. We compare the numerical results to the ones given by the analytical formula, and show that both coincide for a large class of initial conditions and rigid bodies. The flip is estimated for different tennis rackets. Conclusion and prospective views are given in Sec. 8. Possible extensions to quantum systems are discussed. Some technical computations are reported to A.
The model system
This paragraph is aimed at mathematically defining the TRE. We introduce the frame ( e 1 , e 2 , e 3 ) attached to the racket [12] , for which each axis is parallel to one of the inertia axes of the racket. We recall that the principal inertia axis e 1 is parallel to the handle of the racket, the axis e 2 is along the intermediate inertia axis, which lies in the plane of the head of the racket and is perpendicular to the handle, and the axis e 3 is perpendicular to the plane of the head of the racket. The origin of the frame is the center of mass of the racket. This frame is displayed in Fig. 1 . The experiment showing the TRE consists in throwing the racket in the air in order to make a rotation about one of the three inertia axes. It is well known that if the racket rotates around the e 1 -or e 3 -axis then the rotation is stable, while the motion is unstable around the e 2 -axis. This behavior can be observed for any three-dimensional rigid body [1] . In the case of a tennis racket, the experiment shows that a flip of the head occurs with the unstable rotation. This means that after a full rotation of 2π of the handle in the air, the racket makes a rotation of approximately π about its handle. This effect is known as the tennis racket effect. A video is available in the supplementary material to illustrate this effect [13] .
The rotational dynamics of a three-dimensional rigid body about its center of mass is governed by Euler equations [3] , which are expressed in terms of Euler angles. We have chosen a set of Euler angles so as to describe easily the motion of the handle and the flip of the racket. We are interested in the motion of the moving frame ( e 1 , e 2 , e 3 ) with respect to a static one, the laboratory frame, namely ( X, Y , Z). The origin of the two frames coincides. The total angular momentum M of the rigid body is conserved since no external moment is exerted on the system. The components M i of M in the ( e 1 , e 2 , e 3 )-frame can be expressed in terms of the components Ω i of the angular velocity vector Ω as follows:
where I 1 , I 2 and I 3 are the principal moments of inertia of the solid. For the stable rotation about the handle, the only non-zero component of Ω is Ω 1 and M is parallel to the axis e 1 . The vector M is parallel to e 3 for the second stable rotation and to e 2 for the unstable one. This latter corresponds to the case of the TRE. The dynamics of the moving frame can be described by the coordinates of its center of mass and three Euler angles φ, θ and ψ [3] . There is a natural way to define one of the axes of the laboratory frame by using the fact that the angular momentum M is a constant of the motion. Following Ref. [3] , we fix the Z-axis of the laboratory frame along M . This physical property allows us to define two Euler angles θ and ψ. The position of the two other axes along X and Y is given by the third Euler angle φ. The two frames and the Euler angles are displayed in Fig. 2 . With this choice of coordinates, the angle φ describes the rotation of the handle in space, since it corresponds to the precession of the handle about the angular momentum. The flip is given by the angle ψ which is associated with the rotation about the handle of the racket represented by e 1 . As explained above, the TRE manifests for a rotation about e 2 , so that initially e 2 is approximately collinear to M . This corresponds to initial conditions of the form:
Since X and Y are arbitrary directions, we can set φ 0 = 0. Thus, in this system of coordinates, the TRE is defined as:
Note that the value of the θ-angle is not taken into account in this definition.
We will see below for the TRE that if ∆ψ ≃ π then ∆θ ≃ 0. 
Dynamics of the angular momentum
Euler equations describe the dynamics of the coordinates of the angular momentum vector M in the rotating frame attached to the body. In the rest of the paper, we will assume that 0 ≤ I 1 ≤ I 2 ≤ I 3 . The dynamics is governed by the set of equations [1, 3] :
The solutions of the differential system are given by Jacobi's elliptic functions cn, sn and dn [15] . In this work, we use a geometric approach presented in [1, 3] to describe the motion of M . The system admits two constants of the motion, the energy and the angular momentum:
In the rotating frame ( e 1 , e 2 , e 3 ), the two first integrals are represented by two surfaces, namely the energy ellipsoid, of radii √ 2I 1 E, √ 2I 2 E and √ 2I 3 E, and the angular momentum sphere of radius M . The solution of Eq. (4) lies on the intersection of the two surfaces, as displayed in Fig. 3 
there is no solution. The lower-left panel of Fig. 3 shows the evolution of
given by Eq. (4), which is plotted on the sphere of radius M for different energy levels. We can distinguish two different cases. The oscillating and the rotating solutions occur in the case 2I 2 E < M 2 < 2I 3 E and 2I 1 E < M 2 < 2I 2 E, respectively. The separatrix is given by
As mentioned above, the vector M can be expressed in terms of the two angles θ and ψ. The components of M in the rotating frame ( e 1 , e 2 , e 3 ) are given by:
These equations are sufficient to show that, for a flip ∆ψ ≃ π, the variation of θ is ∆θ ≃ 0. Indeed, we see on the lower panels of Fig. 3 that
Using Eq. (6), we get θ f ≃ θ 0 in this case. A qualitative interpretation of the angles θ(t) and ψ(t) can also be made by using the lower panels of Fig. 3 . In the case of rotating solutions, it can be shown that the flip angle ψ is not bounded, and θ belongs to Fig. 2 , we deduce that the handle along e 1 stays above (resp. below) the plane (X, Y ), while the racket is rotating about its handle. Using the symmetries of the problem, we focus only on the case θ ∈ [0, π/2] for a rotating dynamics. For an oscillating solution, we have ψ
, which means that the racket oscillates about its handle. Since θ ∈ [0, π], the handle of the racket can cross the plane (X, Y ). Figure 3 shows the three equilibrium points p + , p − and p D of the dynamics. The point p + corresponds to the case where M is collinear to e 1 . Around this stable equilibrium point, the racket rotates only about its handle. The second stable rotation is associated with the point p − and a rotation of the racket about its e 3 -axis. Finally, the point p D corresponds to the unstable rotation about its e 2 -axis. Note that the lower-left panel of Fig. 3 depends on the shape of the rigid body. For a symmetric body for which I 1 = I 2 = I 3 , the energy ellipsoid becomes a sphere. In the case I 2 = I 3 , the oscillating solution does not exist. The intersection of the two surfaces is a circle centered on e 1 , and the separatrix lies on the equator of the sphere. In this situation, the angle θ is constant and the flip angle ψ evolves linearly with time [3] . For I 1 = I 2 , there are only oscillating solutions and the separatrix is a circle in the ( e 1 , e 2 )-plane.
The Full Euler equations
The full Euler equations give the differential system satisfied by the three Euler angles θ, φ and ψ (see, e.g., the approach used in Ref. [3] ):
cos θ.
We introduce the following parameters to simplify the differential system:
The parameters a, b and γ are easily interpretable. The coefficient γ tells us how far we are from the separatrix, given by γ = 0. The cases γ < 0 and γ > 0 correspond respectively to the oscillating and rotating behaviors. The coefficients a and b are associated with the symmetries of the rigid body. For instance, a = 0 (or b = 0) means that the solid is a symmetric top, and a = b = 0 corresponds to a body with a spherical symmetry. The case where a ≫ 1 and b ≫ 1 gives the constraint I 1 ≪ I 2 ≪ I 3 on the moments of inertia.
The TRE is a geometric phenomenon which can be described independently of the time evolution of Euler angles. This permits to reduce the system under consideration to a planar system, a point which was not clearly identified in [12] . The dynamical equations of the angles θ and ψ can be expressed with respect to φ as follows:
This system admits the following constant of motion, which can be derived by substituting (6) into (5):
The assumption I 1 < I 2 < I 3 , and the fact that
The two equilibrium points, given by γ = a and γ = −b, correspond to the points p + and p − of Fig. 3 , respectively. Indeed, the parameter γ takes the value a for θ = 0 and γ = −b occurs for θ = ψ = π/2. The two equations of the system (8) govern respectively the motion of the handle and the twisting effect. After eliminating the cos θ factor from Eq. (9), only the second equation is thus necessary to describe the TRE.
General description of the evolution of the system
This paragraph is aimed at giving a general overview about the dynamics of the rigid body. We have seen qualitatively on Fig. 3 that the oscillating or rotating properties of the system are related to the dynamics of the flip angle ψ, given by the second equation of (8) .
Starting from Eq. (9), we obtain:
where S is the sign of cos θ. We deduce that the dynamics of the flip angle satisfies: Figure 4 displays the phase portrait of the angle ψ. Two equilibrium points can be identified: A stable one for ψ = π/2(modπ) and dψ/dφ = 0, and an unstable one for ψ = 0(modπ) and dψ/dφ = 0. These two points are associated with the stable rotation about e 3 and the unstable one about e 2 , respectively. For γ > 0, dψ/dφ is always positive (or negative), so that S is constant (S is also the sign of dψ/dφ). For γ < 0, the sign of dψ/dφ changes when ψ is extremal.
These extremal values can be found by noting that if γ < 0, the right term in the square root of Eq. (10) is positive only if sin 2 ψ min = sin 2 ψ max = |γ|/b. It is then easy to show that each oscillating trajectory is bounded by:
and the sign of dψ/dφ changes when ψ takes one of these two values. The phase portrait of Fig. 4 is very similar to the standard phase portrait of a pendulum [1] , except for the fact that the racket can oscillate about its handle with an amplitude which is at most of π, while this value is 2π for a pendulum. In Fig. 4 , it can be seen that the only way to connect two unstable equilibrium points is to make a variation of ∆ψ = π. Roughly speaking, the flip effect can be viewed as a trajectory in a neighborhood of the separatrix, which goes from a point close to an unstable state to a point near another unstable state. We can make the same analysis for the first equation of (8) . Using Eq. (9), we can show that:
with S 2 the sign of sin ψ cos ψ. We deduce that the dynamics of θ is governed by the following differential equation:
The phase portrait θ(φ) is displayed on Fig. 5 . Note that we cannot distinguish on Fig. 5 the stable and the unstable points, since they both occur for (θ, dθ/dφ) = (π/2, 0). Moreover, the oscillating curves can cross the line of equation θ = π/2, but not the rotating ones (see Sec. 3 for details). The bounds of the angle θ can be determined by using the fact that the argument of the square root of Eq. (12) has to be positive. We recall that, for γ > 0, we only consider the case θ ∈ [0,
2). Then, it is straightforward to show that:
For γ > 0 : For γ < 0 :
An illustration of the motion of the handle on the sphere is given on 
Analytical study of the Tennis racket effect
The TRE is a trajectory of the racket such that ∆ψ| ∆φ=2π ≃ π. We are therefore interested in the dynamics of ψ with respect to φ, given by Eq. (10).
In a TRE experiment, we start with initial conditions such that ψ 0 ≃ 0 and (dψ/dφ) 0 ≃ 0, that is in a neighbourhood of the unstable equilibrium point of the phase portrait of Fig. 4 . The system follows in this case a trajectory close to the separatrix. Since Eq. (10) cannot be integrated in terms of elementary functions [15] , we prefer to use an asymptotic expansion around γ = 0 to analytically describe the behavior of the solution. We first explain the dynamics along the separatrix. If the initial point of the trajectory belongs to the separatrix then the system will follow this curve and will reach one of the unstable equilibrium points asympotically in an infinite time. Equation (10) leads to:
with
In the following, we choose to focus on the symmetric solutions characterized by:
where ǫ is a small parameter. Note that this parameter can be interpreted as a defect of an ideal π-flip. This choice is motivated by the fact that, for a variation of 2π of the angle φ, the maximum of variation of ψ is given by the symmetric motion where ψ f = π − ψ 0 . The general analysis could be made along the same lines, but would be more cumbersome.
In the symmetric situation, the variation of the twist is given by
with ǫ = 0 corresponding to an exact π-flip. We are interested in trajectories near the separatrix where γ = 0. For that reason, we express the parameter ǫ in the form of an asymptotic expansion in terms of γ: Figure 7 shows the trajectories which are described by Eq. (17) . This formula will allow us to describe the robustness properties of the TRE with respect to the shape of the rigid body and the initial conditions of the dynamics. The different terms of the expansion have the following interpretation. The term ǫ 0 depends on the shape of the body only, that is the parameters a and b. The term γdǫ/dγ| γ=0 represents the variation of ǫ with respect to γ, i.e. its variation with respect to the initial conditions. The asymptotic behavior of the flip is described by the following theorem:
The flip defect ǫ given by Eq. (16) can be expressed as follows:
where
Remark 6.2 The flip defect, ǫ 0 , on the separatrix tends exponentially to zero, for ab → ∞. For fixed parameters a, b, the flip defect goes to ǫ 0 , as γ goes to zero, with a speed given by (18) . 
Thus, for a symmetric top such that b → 0, we get that ǫ 0 → π/2, which means that there is no flip along the separatrix since ∆ψ| ∆φ=2π = π − 2ǫ 0 = 0. This behavior is not surprising because it can be shown on the phase portrait of Fig. 4 that, in this limiting case, the separatrix is a horizontal line of equation dψ/dφ = 0. We deduce that each point of this separatrix is an equilibrium point and for b → 0, the only way to have a symmetric curve such that ψ 0 = ǫ 0 and ψ f = π − ǫ 0 is to choose ǫ 0 = π/2. This asymptotic analysis can also be used to derive an approximate formula to estimate the flip effect. This formula shows that the larger the product ab is, the smaller the parameter ǫ 0 is. For a standard tennis racket [14] , we have:
i.e. a flip of ∆ψ 0 = π − 2ǫ 0 = π(1 − 0.073). Without any approximation, we obtain the same value to an accuracy of 10 −3 . In contrast, the larger the term ab is, the less robust is the effect. Indeed, the second term of Eq. (18) is very sensitive to γ if ǫ 0 is small. In the case of Ref. [14] , we have:
If we assume that the TRE is satisfied if
then, ǫ being related to ∆ψ via ∆ψ = π − 2ǫ, we get that ǫ ∈ [−π/12, π/12]. For the standard tennis racket [14] , we arrive at: TRE occurs close to the separatrix. We observe that a larger range of γ satisfies the TRE for high values of ǫ 0 , which means that the effect is more robust in this case.
Numerical description of the tennis racket effect
This paragraph focuses on a numerical study of the TRE. We consider the case of a standard tennis racket [14] . Setting a value of the parameter γ, we compute the trajectories of the system in the (φ, ψ)-space for different values of ψ 0 . The different trajectories are represented in Fig. 9 . We observe in Fig. 9 that the TRE does not occur far from the separatrix, approximately when |γ| > 10 −2 . In contrast, close to the separatrix, the dynamics exhibits an approximate flip of π for a large range of initial values of ψ 0 . Figure 10 is a contour plot displaying the flip |∆ψ| as a function of the initial conditions (ψ 0 , (dψ/dφ) 0 ). This set of initial conditions is the more intuitive one from an experimental point of view since (dψ/dφ) 0 is the initial angular velocity of the racket along the handle and ψ 0 the initial flip angle. The unstable rotation along the e 2 -axis is characterized by ψ 0 = 0modπ and (dψ/dφ) 0 = 0. When we consider initial conditions close to this point, Fig. 10 shows that a near flip is very likely to happen. We see that the value of the flip obeys to a central symmetry with respect to the unstable points of the dynamics. The right panel of Fig. 10 shows that the variation of the flip angle is approximately zero on the separatrix. This point is due to the fact that the time evolution of ψ on this line is very slow and the TRE is defined for a time interval such that ∆φ = 2π.
For any rigid body, a TRE occurs along the separatrix if the parameter ǫ 0 is small enough. Figure 11 represents the value of ǫ 0 with respect to the parameters a and b. Note the hyperbolic shape of the ǫ 0 -level curves. We add on this figure different points corresponding to the standard tennis racket of [14] and three other tennis rackets for which the principal moments of inertia are given in [16] . We have also estimated the TRE for the famous book by Goldstein of Ref. [1] . The moments of inertia can be easily computed if we consider the book as a rectangular box. The three principal axes of inertia are along the length of the book ( e 1 ), along the width ( e 2 ) and perpendicular to the face of the book ( e 3 ). We find: a = 1.11, b = 0.31.
The values of the flip angle ∆ψ| γ=0 = π − 2ǫ 0 are given in Tab. 1. [14] and in [16] for the rackets 1, 2 and 3. The book is the Goldstein book [1] .
Object 
Conclusion and perspectives
The tennis racket effect was initially mathematically analyzed in [12] , and reproduced in [5] . In this paper, we expand considerably this initial treatment by deriving exact and asymptotic formulae describing the flip of the head of the racket. We have shown that any rigid body (with some constraints on its moments of inertia) can exhibit this effect. We have analyzed in detail the robustness properties of the flip with respect to the shape of the solid and the chosen initial conditions. Extensive numerical computations have finally confirmed the geometric description made in the first part of this work. More importantly, this paper demonstrates that this effect can occur in a variety of classical systems, whose dynamics is governed by Euler equations. This study opens the road to future work in several directions. An open problem is the extension of the present paper to quantum systems. A possible candidate to exhibit this geometric property at the quantum level could be asymmetric top molecules [17] in gas phase whose motion can be controlled to some extent by femtosecond laser pulses [18, 19] . An example is given by the Ethylene molecule for which rotational constants are: B 1 = 4.64 cm −1 , B 2 = 1.001 cm −1 , B 3 = 0.828 cm −1 . These constants are inversely proportional to the principal moments of inertia of the molecules. In the case γ = 0, this leads to a classical flip of ∆ψ = π(1 − 0.0528). Another option could be to consider the dynamics of a linear chain of three coupled spins subjected to radio-frequency magnetic fields [20, 21, 22] . Previous studies have shown that the optimal controlled trajectories of this system are given by solutions of Euler equations [23, 24] . Work is in progress on these different points. A final aspect is the possible role of the TRE on a tennis player [25, 26] . In other words, one can ask whether this effect has to be maximized or minimized in order to improve the performance of the player [16, 27] , as well as to prevent injuries.
A Proof of the formula describing the TRE
This appendix focuses on the mathematical derivation of the analytical formula of Theorem 6.1. We recall that the idea is to express the angle ǫ close to γ = 0 as the sum of two terms:
The two terms ǫ 0 and dǫ/dγ| γ=0 are computed separately.
Computation of ǫ 0
We show in this paragraph how to compute the parameter ǫ 0 . We substitute γ by 0 and we use the assumption (15) in Eq. (14) . We obtain:
We start from a point of the separatrix such that (dψ/dφ) 0 > 0. Since the trajectory cannot cross the unstable equilibrium points (see Fig. 4 ), dψ/dφ does not change sign, and we have S = +1. Introducing the auxiliary variable:
we arrive, after some manipulations, at:
The integration gives:
The arctanh function can be expressed in terms of a logarithm with the formula arctanh(u) = Taking the square root, we get:
We are interested in the leading term in the case the parameter ab goes to infinity. We introduce the following new parameters:
Note that ab → ∞ corresponds to λ → 0 and gives µ → 0. Equation (22) reads:
Recall that the function f given by f (s) = e −1/s , for s = 0 and f (0) = 0 is of class C ∞ , infinitely flat at the origin. We search for a solution ǫ 0 of the above equation in the form
with u a differentiable function of λ, µ, with u(0, 0) = 0. Note that ǫ 0 (u, λ, µ) is smooth at (u, λ, µ) = (0, 0, 0). Substituting (24) into (23) and simplifying, we obtain:
G(u, λ, µ) := u + arcsin µ − arcsin(µ cos(ǫ 0 (u, λµ))) + hot = 0.
Note that G is a C ∞ function at (u, λ, µ) = (0, 0, 0), G(0, 0, 0) = 0 and 
i.e. u = O(λ 2 ). Substituting the expressions for u and µ into (24), we obtain:
Computation of dǫ/dγ| γ=0
Using the symmetries of the angle ψ, we have: The motion of ψ with respect to φ can be written as follows:
F (a, b, ǫ, γ) = We have:
The term ∂ǫ/∂F can be easily determined. Differentiating with respect to one of the bounds of the integral gives:
With the assumption ǫ 0 ≪ 1, the derivative can be expressed as follows:
The term ∂F/∂γ is more difficult to compute. The uniform convergence of the integral F gives:
The derivative of f evaluated on γ = 0 is:
After integration, we obtain: 
Finally, we can compute ∂ǫ/∂γ| γ=0 by using Eq. (28):
To summarize, the angle ǫ can be expressed as:
where ǫ 0 is given by equation (27) , and O(γ 2 ) is a function depending on ǫ 0 , such that O(γ 2 )/γ 2 tends to a constant (depending on ǫ 0 ), as γ goes to zero.
